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Abstract
We show that any category that is enriched, tensored, and cotensored over the category of com-
pactly generated weak Hausdorff spaces, and that satisfies an additional hypothesis concerning the
behavior of colimits of sequences of cofibrations, admits a Quillen closed model structure in which
the weak equivalences are the homotopy equivalences. The fibrations are the Hurewicz fibrations and
the cofibrations are a subclass of the Hurewicz cofibrations. This result applies to various categories
of spaces, unbased or based, categories of prespectra and spectra in the sense of Lewis and May, the
categories of L-spectra and S-modules of Elmendorf, Kriz, Mandell and May, and the equivariant
analogues of all the afore-mentioned categories.
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1. Introduction
In a classic paper [9] Arne Strøm proved that the category of topological spaces admits
a Quillen closed model structure in which the weak equivalences are the genuine homo-
topy equivalences, the fibrations are the Hurewicz fibrations, and the cofibrations are the
closed Hurewicz cofibrations. In this paper we extend his result and prove that any category
that is enriched, tensored, and cotensored over the category of compactly generated weak
Hausdorff spaces, and that satisfies a mild hypothesis concerning colimits of sequences of
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alences are the homotopy equivalences and the fibrations are the Hurewicz fibrations. The
cofibrations are a (generally proper) subclass of the Hurewicz cofibrations. Our result ap-
plies to categories of spaces, unbased or based, categories of G-spaces, unbased or based,
categories of prespectra and spectra in the sense of Lewis and May [5], the categories
of L-spectra and S-modules of Elmendorf et al. [2], and diagram categories over any of
these categories. Thus all of these homotopy categories in the classical sense are homotopy
categories in the sense of Quillen.
2. Topological categories
Let U denote the category of (unbased) compactly generated spaces (weak Hausdorff k
spaces). U is bicomplete with limits formed using the k functor and colimits formed using
the weak Hausdorff functor. Recall that there is an adjunction isomorphism
U (X × Y,Z) ∼=U (X,ZY )
where × is the compactly generated product and ZY is the space of maps Y → Z with the
compactly generated compact-open topology. The best reference for U is Lewis [4].
Throughout this paper we shall use the phrase “topological category” in the following
sense.
Definition 2.1. A topological category A is a bicomplete category that is enriched, ten-
sored, and cotensored over U . Thus the hom sets A (X,Y ) are naturally topologized as
spaces in U and composition of morphisms is continuous as a map
− ◦ − :A (Y,Z) ×A (X,Y ) →A (X,Z).
We have natural homeomorphisms
A (X ⊗K,Y) ∼=A (X,YK) ∼=U (K,A (X,Y ))
for suitable bifunctors ⊗ :A ×U → A (the tensors) and (−)(−) :U op ×A → A (the
cotensors).
It follows formally that ⊗ defines a (right) action of the symmetric monoidal category
U on A . Thus we have isomorphisms
(X ⊗K) ⊗L ∼= X ⊗ (K ×L),
X ⊗ ∗ ∼= X
that satisfy the necessary coherence conditions. Dually the cotensors, reinterpreted as a
functor A op ×U →A op, define an action of U on A op.
A category is said to be based if the unique map ∅ → ∗ from the initial object ∅ to
the final object ∗ is an isomorphism. It is an easy formality that if a topological category is
based, then it is enriched, tensored, and cotensored over the categoryI of based compactly
generated spaces. Specifically, if A is a based category that is topological with tensors ⊗
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define tensors ∧ :A ×I →A and cotensors F(−,−) :I op ×A →A by the squares
X ⊗ ∗ X ⊗K
∗ X ∧ K
F(K,X) ∗
XK X∗
where the left square is a pushout and the right square is a pullback.
Conversely, if a category is known to be enriched, tensored, and cotensored overI with
tensors ∧ :A ×I →A and cotensors F(−,−) :I op ×A →A , then the specification
X ⊗ K = X ∧ K+ and YK = F(K+, Y ) defines tensors and cotensors over U and the
category is topological.
There is a standard body of theory concerning homotopies, cofibrations, and fibrations
that applies to arbitrary topological categories, based or unbased. An excellent exposition
of this theory in the context of based topological categories is given in May [6] and the
proofs given there work perfectly well in the unbased context. We briefly recall some stan-
dard definitions and facts. Let A be an arbitrary topological category.
Definition 2.2. For objects X and Y , a homotopy is a map X ⊗ I → Y , equivalently a
map X → Y I , equivalently a path I →A (X,Y ). Two maps f,g :X → Y are homotopic
if there is a homotopy from f to g. Since homotopy is an equivalence relation on horn
sets A (X,Y ) and is compatible with composition, we get a quotient category which we
denote hA .
Definition 2.3. A map f :X → Y in A is a cofibration if dashed arrow completions exist
for any diagram of the forms:
X
i0
f
X ⊗ I
f⊗id
Y
i0
Y ⊗ I
Z
X
f
ZI
p0
Y Z
∗
i0
A (Y,Z)
f ∗
I A (X,Z)
(By adjunction, these diagrams are equivalent.) Dually f :X → Y is a fibration if dashed
arrow completions exist for diagrams of the forms:
Z
XI
f I
p0 X
f
Y I p0 Y
Z
i0
X
f
Z ⊗ I Y
∗
i0
A (Z,X)
f∗
I A (Z,Y )
We will call a cofibration or fibration acyclic if it is a homotopy equivalence.
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pullbacks of fibrations are fibrations.
Definition 2.4. For a map f :X → Y , the mapping cylinder Mf and the dual mapping path
object Nf of f are defined by the squares
X
i0
f
X ⊗ I
Y Mf
Nf X
f
Y I p0 Y
where the left square is a pushout and the right square is a pullback. We write J (f ) :Mf →
Y ⊗ I and Q(f ) :XI → Nf for the natural maps.
Proposition 2.5. A map f :X → Y is a cofibration if and only if the natural map
J (f ) :Mf → Y ⊗ I is a coretraction. Dually f is a fibration if and only if the natural
map Q(f ) :XI → Nf is a retraction.
Proposition 2.6. For a map f :X → Y , let i1 :X → Mf denote the inclusion of X at the
top of the cylinder. Let q :Mf → Y denote the evident “squash” map. Then f = q ◦ i1 is
a factorization of f as a cofibration i1 followed by a homotopy equivalence q . Dually, let
p1 :Nf → Y denote the evident projection Nf → Y I followed by evaluation at 1 and let
j :X → Nf denote the evident map induced by idX and the map X → Y I that is adjoint to
the composite map X ⊗ I → X → Y given by projection followed by f . Then f = p1 ◦ j
is a factorization of f as a homotopy equivalence j followed by a fibration p1.
We quote three additional well-known facts we will use in the sequel.
Proposition 2.7. An acyclic cofibration is a coretraction. Dually, an acyclic fibration is a
retraction.
Proposition 2.8. A pushout of an acyclic cofibration is an acyclic cofibration. Dually, a
pullback of an acyclic fibration is an acyclic fibration.
Proposition 2.9. The pushout of a homotopy equivalence by a cofibration is a homotopy
equivalence. Dually, the pullback of a homotopy equivalence by a fibration is a homotopy
equivalence.
Proposition 2.7 is a standard theorem about cofiber maps. Another standard result
known as the homotopy invariance of pushouts of cofibrations implies Propositions 2.8
and 2.9. The reader can easily check that the usual proofs for spaces work in our more
general setting.
Strictly speaking, all mention of fibrations is redundant in view of duality. The tensors
for A are cotensors for A op and vice versa. The cofibrations of A are the fibrations of
A op and vice versa. Similarly one interchanges pushout and pullback, mapping cylinder
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proving only half of our theorems.
For the proofs of the model structure we will need a few additional facts about (acyclic)
cofibrations and fibrations. These probably fall under the heading of “obvious to the ex-
perts”, but the author knows of no reference for them.
Proposition 2.10. If f :X → Y is a cofibration then J (f ) :Mf → Y ⊗ I is an acyclic
cofibration. If f is a fibration then Q(f ) :XI → Nf is an acyclic fibration.
Proof. By duality it suffices to prove the first statement. Clearly for any f the morphism
J (f ) is a homotopy equivalence since we have a commutative triangle
Mf
J(f )
π
Y ⊗ I
π
Y
in which the vertical arrows are homotopy equivalences. Thus we need to show that if f is
a cofibration then J (f ) is a cofibration. This is equivalent to showing that the morphism
J
(
J (f )
)
:MJ(f ) → (Y ⊗ I )⊗ I
is a coretraction. By mild abuse of notation we may write
Mf = Y ⊗ {0} ∪X ⊗ I
and
MJ(f ) = [(Y ⊗ I )⊗ {0}] ∪ [Mf ⊗ I ]
= [(Y ⊗ I )⊗ {0}] ∪ [(Y ⊗ {0}) ⊗ I ] ∪ [(X ⊗ I )⊗ I ]
∼= [Y ⊗ (I × {0} ∪ {0} × I)] ∪ [X ⊗ (I × I )].
By choosing a homeomorphism of pairs of spaces
(
I × I, I × {0} ∪ {0} × I) ∼= (I × I, {0} × I)
we see that J (J (f )) is equivalent to the morphism
[
Y ⊗ ({0} × I)] ∪ [X ⊗ (I × I )] → Y ⊗ (I × I ),
which is equivalent to the morphism
J (f )⊗ id :Mf ⊗ I → (Y ⊗ I )⊗ I.
This last morphism is clearly a coretraction since J (f ) is a coretraction. 
For morphisms f :X → Y and f ′ :X → Y ′ let M(f,f ′) be denned by the pushout
square.
X 	X {i0,i1}
f	f ′
X ⊗ I
′ M(f,f ′)Y 	 Y
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g :Z′ → W are maps, the double mapping path object is given by the pullback square:
N(g,g′) Z ×Z′
g×g′
WI {p0,p1} W ×W
Proposition 2.11. If f :X → Y is a cofibration then the natural map
J (f,f ) :M(f,f ) → Y ⊗ I
is a cofibration which is acyclic if f is acyclic. If g :Z → W is a fibration then the natural
map
Q(g,g) :ZI → N(g,g)
is a fibration which is acyclic if g is acyclic.
Corollary 2.12. If f :X → Y is an acyclic cofibration then J (f,f ) is a coretraction.
Dually, if g is an acyclic fibration then Q(g,g) is a retraction.
Proof of Proposition 2.11. Assume that f is a cofibration. We show that the morphism
J
(
J (f,f )
)
:MJ(f,f ) → (Y ⊗ I )⊗ I
is a coretraction. We write
M(f,f ) = Y ⊗ {0,1} ∪X ⊗ I
and
MJ(f,f ) = [(Y ⊗ I )⊗ {0}] ∪ [M(f,f )⊗ I ]
= [(Y ⊗ I )⊗ {0}] ∪ [(Y ⊗ {0,1}) ⊗ I ] ∪ [(X ⊗ I )⊗ I ]
∼= [Y ⊗ (I × {0} ∪ {0,1} × I)] ∪ [X ⊗ (I × I )].
By choosing a homeomorphism of pairs of spaces
(
I × I, I × {0} ∪ {0,1} × I) ∼= (I × I, {0} × I)
we see that J (J (f,f )) is equivalent to the map
[
Y ⊗ ({0} × I)] ∪ [X ⊗ (I × I )] → Y ⊗ (I × I )
which, as we observed in the previous proof, is a coretraction. Hence J (f,f ) is a cofibra-
tion.
Now suppose the cofibration f is acyclic. In the diagram
X 	X {i0,i1}
f	f
X ⊗ I
α
f⊗id
Y 	 Y M(f,f )
J (f,f )
Y ⊗ I
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square is a pushout. Since also f ⊗ id is a homotopy equivalence it follows that J (f,f ) is
a homotopy equivalence.
The second statement is dual. 
Proposition 2.13. If f :X → Y is a cofibration, then f is acyclic if and only if it is a retract
of the morphism J (f ) :Mf → Y ⊗ I . Dually if g :Z → W is a fibration, then g is acyclic
if and only if it is a retract of the morphism Q(g) :ZI → Ng.
Proof. We prove the first statement. Clearly if f is a retract of J (f ) then f is acyclic.
Assume then that f is acyclic and consider the following diagram which we explain in a
moment:
X
i1
f
Mf
J(f )
r1
X ⊗ I π X
f
Y
i1
Y ⊗ I r2 M(f,f ) r3 M ′f π ′ Y
Explanation: The maps i1 are inclusions at the tops of the cylinders. r2 is a retraction
that is left inverse to J (f,f ) (such a retraction exists by Corollary 2.12). M ′f denotes
the “upside down” mapping cylinder of f , Y ⊗ {1} ∪ X ⊗ I . The retractions r1 and r3 are
obtained using a retraction Y ⊗{0} → X⊗{0} (such a retraction exists by Proposition 2.7).
π and π ′ are the evident projection maps. Commutativity of the diagram is easily checked
and the horizontal composites are the respective identity maps. 
3. Strong cofibrations and fibrations
Recall that a Quillen closed model structure on a category A consists of three classes
W , C , and F of morphisms of A (the weak equivalences, cofibrations, and fibrations
respectively). These classes are required to satisfy suitable axioms. The original source
material is in Quillen [7]. See [1] and [3] for good expositions of the theory of model
structures. We will use the definition of [1]. We abbreviate LLP and RLP for the left and
right lifting property respectively.
Theorem 3.1 (Strøm). The category U admits a Quillen closed model structure for which
W is the class of homotopy equivalences, F is the class of Hurewicz fibrations, and C is
the class of Hurewicz cofibrations.
In [9] Strøm proved this result for the category of all topological spaces, with C being
the class of closed cofibrations. His proofs apply equally well to U and in U cofibrations
are automatically closed inclusions. However, in our extensions of Strøm’s theorem to
other topological categories it will again be necessary in general to restrict the class of
cofibrations. The following definition is essentially equivalent to that of Schwänzl and
Vogt [8].
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with respect to all acyclic fibrations. Dually, a strong fibration is a map that has the RLP
with respect to all acyclic cofibrations. We shall write Cs and Fs for the classes of strong
cofibrations and strong fibrations.
Note that strong cofibrations are cofibrations since they have the LLP with respect to
morphisms ZI → Z. Similarly strong fibrations are fibrations. As we noted, in U all
cofibrations and fibrations are strong. This is also true for the category GU of unbased
G-spaces, categories of pairs of spaces or G-spaces and diagram categories over these cat-
egories, but for general A the inclusions Cs ⊆ C and Fs ⊆F may be proper. However,
it turns out that certain familiar examples of cofibrations and fibrations are always strong.
Proposition 3.3. For any X ∈A , the map ∅ → X (∅ is the initial object in A ) is a strong
cofibration. The map X → ∗ (∗ the final object) is a strong fibration.
This follows from Proposition 2.7 and implies that, in the model structures we will
discuss shortly, all objects are cofibrant as well as fibrant.
Lemma 3.4. If X ∈A , the map
{i0, i1} :X 	X → X ⊗ I
is a strong cofibration. Dually, the map
{p0,p1} :XI → X ×X
is a strong fibration.
Proof. We prove the first statement. We identify X	X with the object X⊗{0,1} ⊂ X⊗I .
Suppose g :Z → W is an acyclic fibration. We need to prove that {i0, i1} has the LLP with
respect to g. By Proposition 2.13, g is a retract of the map Q(g). Hence it suffices to show
that {i0, i1} has the LLP with respect to the map Q(g) :ZI → Ng. Using adjunctions, it is
easy to see that the following diagrams are equivalent:
X ⊗ {0,1}
{i0,i1}
ZI
Q(g)
X ⊗ I Ng
X ⊗ (I × {0} ∪ {0,1} × I ) Z
g
X ⊗ (I × I ) W
By choosing a homeomorphism of pairs of spaces
(
I × I, I × {0} ∪ {0,1} × I) ∼= (I × I, I × {0})
we see that the left arrow in the right diagram is equivalent to the map
X ⊗ (I × {0}) → X ⊗ (I × I )
which is equivalent to the map
i0 :X ⊗ I → (X ⊗ I )⊗ I.
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left square. 
Proposition 3.5. Let f :X → Y be a morphism in A . The cofibration i1 :X → Mf that
includes X at the top of the mapping cylinder is a strong cofibration. Dually, the fibration
p1 :Nf → Y is a strong fibration.
Proof. We prove the first statement. Let g :Z → W be an acyclic fibration and consider a
diagram
X
α
i1
Z
g
Mf

β
W
for which we must find a lift . By Proposition 2.7, g is a retraction. Hence there exists a
right inverse s :W → Z with g ◦ s = idW . We regard Mf as the union of X⊗[ 12 ,1] and the
“half cylinder” M1/2f = Y ⊗ {0} ∪ X ⊗ [0, 12 ] joined together at X ⊗ { 12 }. First we define
′ :M1/2f → Z to be the restriction of s ◦ β to M1/2f . Now we use Lemma 3.4 to find a
lift " for the diagram
X ⊗ { 12 ,1}
{′1/2,α}
Z
g
X ⊗ [ 12 ,1]
′′
β
W
Piecing together ′ and ′′ gives a lift  for our original diagram. 
We now have two possible candidates for a Strøm type model structure on a topolog-
ical category A . Either or both of the triples (W ,Cs ,F ) or (W ,C ,Fs) might form a
model structure on A provided that we can prove the lifting properties and the factoriza-
tion axioms. We show now that the lifting properties present no difficulty. If J and K
are classes of morphisms in a category A let us say that the pair (J ,K ) has the lifting
property if J has the LLP with respect to K (equivalently K has the RLP with respect
to J ). We shall further say that the pair is complete with respect to the lifting property if
J is the class of all morphisms that have the LLP with respect to K and K is the class
of all morphisms that have the RLP with respect to J . For example, in a model category
the pairs (W ∩ C ,F ) and (C ,W ∩F ) are always complete with respect to the lifting
property. The following facts are proved in [8], but since our setup is slightly different we
provide alternative proofs.
Proposition 3.6. In a topological category A the pairs (Cs ,W ∩F ), (W ∩Cs ,F ), (W ∩
C ,Fs), and (C ,W ∩Fs) are complete with respect to the lifting property.
Proof. We consider first (Cs ,W ∩ F ). As a matter of definition, we know that Cs is
precisely the class of maps that have the LLP with respect to W ∩F . Now suppose that
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X ⊗ I are strong cofibrations, it follows that g ∈ F . To show that g is also a homotopy
equivalence we consider the diagram
Z
i1
Z
g
Mg

q W
By Proposition 3.5 the map i1 is a strong cofibration and hence a lift  must exist. Since
idZ and q are homotopy equivalences, it follows that i1 and g are homotopy equivalences.
Hence g ∈W ∩F .
The dual argument proves that (W ∩ C ,Fs) is complete with respect to the lifting
property.
We consider now the pair (W ∩Cs ,F ). Let f :X → Y be in W ∩Cs and let g :Z → W
be in F . Since f is an acyclic cofibration, it follows from Proposition 2.13 that f is a
retract of the map J (f ) :Mf → Y ⊗ I . Thus to show that f has the LLP with respect to
g, it suffices to prove that J (f ) has the LLP with respect to g. By adjunction the following
diagrams are equivalent:
Mf
J(f )
Z
g
Y ⊗ I W
X
f
ZI
Q(g)
Y Ng
By Proposition 2.10, Q(g) is an acyclic fibration and hence the lift for the right diagram
(therefore also the left) exists since f ∈ Cs . This shows that (W ∩ Cs ,F ) has the lifting
property.
Suppose now that f has the LLP with respect to F . Then, a fortiori, f has the LLP
with respect to W ∩F and hence f ∈ Cs . Now consider the following square:
X
j
f
Nf
p1
Y

Y
in which j and p1 are the maps discussed in Proposition 2.6. Since j and idY are homotopy
equivalences, it follows that f and p1 are homotopy equivalences. Hence f ∈W ∩Cs .
Suppose that g has the RLP with respect to W ∩Cs . Then since every morphism of the
form i0 :X ⊗ I is in W ∩ Cs , it follows that g ∈ F . We conclude that (W ∩ Cs ,F ) is
complete with respect to the lifting property and the dual argument proves the same for the
pair (C ,W ∩Fs). 
Remark 3.7. Regrettably it appears to be quite difficult to characterize the strong cofibra-
tions for based topological categories such as based spaces, prespectra, spectra, etc. Indeed,
the author does not know how to prove that weak cofibrations exist for any of these cate-
gories, though one would assume that they do. It would be interesting to have an explicit
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ously exhibit a weak acyclic fibration and construct a square for which the lift fails to exist.
I suspect that the simplest example of a weak cofibration (assuming one exists) is quite
complicated and pathological.
4. The cofibration hypothesis
To obtain factorizations we introduce the following hypothesis.
Hypothesis 4.1. In a topological category A consider commutative diagrams of the form:
X0
ξ0
f0
X1
f1
ξ1 · · · ξn−1 Xn
fn
ξn · · ·
Y
We have an induced map
colimfn : colimXn → Y.
We say that A satisfies the cofibration hypothesis if for all diagrams in which the maps ξn
are strong acyclic cofibrations, the natural map
colimNfn → N(colimfn)
is an isomorphism where Nf denotes the mapping path object.
We state now our main result.
Theorem 4.2. Let A be a topological category and let W , F , and Cs denote the classes
of homotopy equivalences, fibrations, and strong cofibrations respectively. If A satisfies
the cofibration hypothesis, then W , F , and Cs are the weak equivalences, fibrations, and
cofibrations of a Quillen closed model structure on A .
The proof will be given in the next section. First, we wish to observe that many topo-
logical categories of interest satisfy the cofibration hypothesis and therefore admit the
Strøm-type model structure.
Lemma 4.3. In the category U suppose that for each n we are given a pullback square:
Xn Yn
fn
Zn gn Wn
Suppose that for every n we have maps ηn :Yn → Yn+1, ζn :Zn → Zn+1, and ωn :Wn →
Wn+1 such that fn+1 ◦ ηn = ωn+1 ◦ fn and gn+1 ◦ ζn = ωn+1 ◦ gn. Let ξn :Xn → Xn+1 be
the maps induced on the pullbacks. If the maps ηn and ζn are inclusions (k-ified if necessary
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then the maps ξn are inclusions and the square
colimXn colimYn
colimZn colimWn
is a pullback.
For proof see [4].
Corollary 4.4. The category U satisfies the cofibration hypothesis.
Proof. All cofibrations in U are inclusions. Thus if we have a diagram of the type given in
our statement of Hypothesis 4.1, in which the ξn are strong acyclic cofibrations (or, indeed,
any inclusions), we may apply the lemma to deduce that the square
colimNfn colimXn
fn
Y I p0 Y
is a pullback. Thus colimNfn ∼= N(colimfn). 
Using Lemma 4.3 it is easy to show that many topological categories constructed from
U satisfy the cofibration hypothesis.
Example 4.5. Let T denote the category of based compactly generated spaces. The con-
structions of pullbacks, colimits of sequences, and mapping path objects are the same in
U and T and therefore T must also satisfy the cofibration hypothesis. It follows that the
based homotopy category is a homotopy category.
Example 4.6. For a topological group G let GU and GT denote the unbased and based
categories of G-spaces. The cofibration hypothesis is satisfied and hence the G-homotopy
categories are homotopy categories.
Example 4.7. Let PU , IU , and SU denote respectively the Lewis–May categories of
prespectra, inclusion prespectra, and spectra indexed on a universe U [5]. Gaunce Lewis
[4] proved that in all these categories, cofibrations are closed inclusions. Pullbacks, map-
ping path objects, and colimits of sequences of inclusions are constructed spacewise. Thus
the cofibration hypothesis is satisfied and the various homotopy categories are homotopy
categories in the sense of Quillen.
Example 4.8. Let LS and M s denote respectively the categories of L-spectra and S-
modules of Elmendorf et al. [2]. It is not difficult to check that for these categories the
cofibration hypothesis is satisfied.
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be the diagram category of functors Λ → A . If A satisfies the cofibration hypothesis,
then AΛ does also since pullbacks, mapping path objects, and colimits are constructed
objectwise.
5. The proof of the model structure
We begin the proof of Theorem 4.2. We fix a topological category A and we let W , F ,
and Cs denote the homotopy equivalences, fibrations, and strong cofibrations respectively.
The following is obvious.
Proposition 5.1. The classes W , F , and Cs contain all identity maps and are closed under
retracts and compositions. Also W satisfies the two out of three property.
The lifting properties have already been proved in Proposition 3.6. Hence to complete
the proof of Theorem 4.2 it remains only to prove the factorization axioms. Our method is
reminiscent of Quillen’s small object argument. Essentially, we replace Quillen’s idea of a
set of “generating cofibrations” that satisfy a smallness condition with the idea of a “small
generating functor”. In a forthcoming paper the author will present this generalization of
Quillen’s argument and study other examples. First we need the following observation.
Recall that for any morphism f :X → Y we have a pullback square:
Nf
α(f )
β(f )
X
f
Y I p0 Y
Observation 5.2. A morphism f :X → Y is a fibration if and only if a diagonal lift exists
for the diagram
Nf
α(f )
i0
X
f
Nf ⊗ I
βˆ(f )
Y
where βˆ(f ) is the morphism adjoint to β(f ).
Proposition 5.3. If the category A satisfies our cofibration Hypothesis 4.1, then any mor-
phism f :X → Y admits a factorization
X
g
Z
h
Y
with g ∈W ∩Cs and h ∈F .
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X = Z0 γ0
f=h0
Z1
h1
γ1 · · · γn−1 Zn
hn
Y
in which the γk are in W ∩Cs . We define Zn+1, γn, and hn+1 by the diagram
Nhn
α(hn)
i0
Zn
γn
hnNhn ⊗ I δ(hn)
hn+1
βˆ(hn)
Zn+1
Y
where the square is a pushout and hn+1 is the unique map to Y that completes the diagram.
Let Z = colimZn and let h :Z → Y be the map on the colimit induced by {hn}. For each
n we have a pullback square
Nhn
α(hn)
β(hn)
Zn
hn
Y I p0 Y
Applying Hypothesis 4.1 we see that we have a pullback square
colimNhn
{α(hn)}
{β(hn)}
colimZn
h
Y I p0 Y
Therefore Nh ∼= colimNhn. Since the functor −⊗I preserves colimits we also have Nh⊗
I ∼= colim(Nhn ⊗ I ). Therefore by Observation 5.2 we can prove that h is a fibration by
constructing a lift λ for the diagram
colimNhn
{α(hn)}
i0
colimZn
{hn}
colim(Nhn ⊗ I )
λ
{βˆ(hn)} Y
One easily sees that such a λ is induced on the colimit by the compositions
Nhn ⊗ I δ(hn) Zn+1 → colimZn.
Let g :X → Z be the map
X = Z0 → colimZn = Z.
1098 M. Cole / Topology and its Applications 153 (2006) 1084–1099Then g is in W ∩Cs and f = h ◦ g is our desired factorization of f . 
Proposition 5.4. If the category A satisfies Hypothesis 4.1 then any morphism f :X → Y
admits a factorization
X
k
W

Y
with k ∈ Cs and  ∈W ∩F .
Proof. We have a factorization
X
i1 Mf π Y
with i1 a cofibration and π a homotopy equivalence. By Proposition 3.5, i1 is in Cs . Let
π = h ◦ g be a factorization of π with g ∈W ∩ Cs and h ∈F . Since π and g are in W ,
also h ∈W . Then  = h and k = g ◦ i1 is our desired factorization. 
This completes the proof of Theorem 4.2. Since an easy point set argument shows that in
U all cofibrations are strong, we have an alternative proof of Strøm’s theorem (as applied
toU ). With a little extra argument our methods work also for the category of all topological
spaces.
Recall that a model structure is said to be proper if it is both left proper (pushouts of
weak equivalences by cofibrations are weak equivalences) and right proper (pullbacks of
weak equivalences by fibrations are weak equivalences).
Proposition 5.5. The Strøm type model structure on a topological category A is proper.
Proof. This follows easily from Proposition 2.9. 
Finally, we observe that Strøm type model structures are “topological” in the following
sense.
Proposition 5.6. In a topological category A if f :X → Y is a strong cofibration and
g :Z → W is a fibration, then the map
A(f, g) :A (Y,Z) →A (X,Z) ×A (X,W) A (Y,W)
is a fibration in U , which is acyclic if at least one of f and g is acyclic.
Proof. Let f ∈ Cs and g ∈F . Let us write P for the codomain of A(f, g). Using ad-
junctions, one can work out that the following diagrams are equivalent for any space K .
K
i0
A (Y,Z)
A(f,g)
K × I P
X
f
(ZK)I
Q(gK)
Y N(gK)
Since gK is a fibration, it follows from Proposition 2.10 that Q(gK) is an acyclic fibration.
Hence the lift exists in the right diagram and therefore also for the left.
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A
g∗
f ∗
P
A(f,g)
A (X,Z)
g∗
A (Y,W)
f ∗ A (X,W)
Applying right properness of the Strøm structure on U and the 2 out of 3 property, it is
easily seen that A(f, g) is acyclic if one, or both, of f and g is acyclic. 
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